The complete expression of the heavy quark-antiquark potential up to order 1/m 2 is known from QCD in terms of Wilson loop expectation values. We use that expression and a mapping, assumed to be valid at large distances, between Wilson loop expectation values and correlators evaluated in the effective string theory, to compute the potential. We obtain previously unknown results for the spin and momentum-independent parts of the potential. They may be interpreted as relativistic corrections to the string tension, σ, effectively reducing it by an amount 9 ζ 3 /(2π 3 ) × (σ/m) 2 in the equal mass case. We confirm known results for the other parts of the potential. Finally, we compute the discrete spectrum of a heavy quark-antiquark pair whose interaction is just given by the potential prescribed by the effective string theory.
I. INTRODUCTION Wilson loops have been related to the heavy quark-antiquark potential since the inception of QCD [1] [2] [3] [4] [5] [6] [7] . This relation has been put in a systematic framework by non-relativistic effective field theories of QCD [8] [9] [10] [11] . In this framework, the heavy quark-antiquark potential is organized as an expansion in 1/m, where m is the generic heavy-quark mass, while non-analytic terms in 1/m factorize. Non-analytic terms may be identified with the Wilson coefficients of non-relativistic QCD (NRQCD), which is the effective field theory that follows from QCD by integrating out modes that scale like m [12, 13] The heavy quark-antiquark potential is a function of r, the distance between the heavy quark and antiquark, and Λ QCD , the typical hadronic scale. The potential may be evaluated perturbatively for rΛ QCD 1, but it cannot for rΛ QCD > ∼ 1. The situation rΛ QCD > ∼ 1 is particularly relevant for excited charmonium and bottomonium states and for this reason has been extensively studied in lattice QCD [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . The most recent determinations are in [24] [25] [26] [27] [28] . However, not all the long-range contributions to the heavy quark-antiquark potential have been computed on the lattice. While the order 1/m 0 and 1/m contributions have been computed, as well as at order 1/m 2 the spin and momentum-dependent potentials, an evaluation of the spin and momentum-independent 1/m 2 potentials in the long range is still missing. The reason is that they involve Wilson loops with three or four field insertions, whose lattice determination is difficult.
The static potential measured by (quenched) lattice simulations exhibits a typical Cornellpotential type behaviour with a Coulombic short-range part and a linear-rising long-range tail. In the long range, rΛ QCD 1, a linear potential is predicted by the effective string theory (EST) [29] . Long-range corrections to the linear potential have been calculated in the EST and confirmed by lattice simulations [30] [31] [32] [33] . In [34] a one-to-one correspondence between correlators of string coordinates and field insertions on a rectangular Wilson loop was suggested and used to evaluate the spin-spin potential. Following that approach, in [35] the 1/m potential as well as all momentum and spin-dependent 1/m 2 potentials were evaluated in the EST. Remarkably, in all the available cases the long-range behaviour of the (quenched) lattice data agrees with the EST determination. 1 This suggests that the EST may serve to evaluate the long-range behaviour of the still unknown spin and momentumindependent 1/m 2 potentials, providing at the same time a non-trivial prediction for future lattice determinations and the missing ingredient needed to include all 1/m 2 potentials in the computation of the quarkonium spectrum. The aim of this work is to provide this evaluation.
The paper is organized in the following way. In section II, we establish our notation and write the heavy quark-antiquark potential in terms of Wilson loop expectation values. In section III, we review the EST. In section IV, we derive the potential up to order 1/m 2 in terms of EST correlators and in section V we look at the impact of the different parts of the 1/m 2 potential on the spectrum in a model that includes only the long-range tail of the potential. Finally, in section VI, we draw some conclusions.
II. RELATIVISTIC CORRECTIONS TO THE STATIC POTENTIAL
The complete heavy quark-antiquark potential up to order 1/m 2 has been written in terms of Wilson loop expectation values in [8, 9] . We will use here the same notations and expressions, which we recall shortly in the next two sections.
A. The structure of the potential
We consider a heavy quark of mass m 1 located at x 1 and a heavy antiquark of mass m 2 located at x 2 . The spin and momentum operators of the two particles are respectively S 1 ≡ σ 1 /2 and p 1 ≡ −i∇ x 1 , and S 2 ≡ σ 2 /2 and p 2 ≡ −i∇ x 2 . The distance between the quark and the antiquark is r ≡ x 1 − x 2 . Up to order 1/m 2 the quark-antiquark potential 1 For the spin and momentum-dependent 1/m 2 potentials these results were known since long time in an equivalent approach to the EST that consists in approximating the Wilson loop with the exponential of its rectangular area [7, [36] [37] [38] [39] . See also [22] .
can be written as the sum of three terms
where V (0) (r) is the static potential,
the 1/m potential and
the 1/m 2 potential. Invariance under charge conjugation and particle interchange implies
It is useful to separate in the 1/m 2 potential a spin-dependent (SD) from a spin-independent (SI) part:
where
and L i = r × p i with i = 1, 2. Also in this case invariance under charge conjugation and particle interchange yields
For the spin-dependent part we have
Charge conjugation and particle interchange invariance imply V (2,0)
LS (r; m 2 ↔ m 1 ). One proceeds similarly for the V (1,1) potential:
and
with
B. The potential in QCD
In the following, we list the potentials V (i,j) (r) written in terms of operator insertions on a rectangular Wilson loop. We refer the reader to [8, 9] for the derivation of these expressions and for further details.
The static potential is given by
where W is the expectation value of the rectangular Wilson loop,
and P stands for the path ordering of the color matrices [4] . We also define . . . ≡ . . . W / W and the connected correlators
.., O n (t n ) are operators inserted on the Wilson loop at times t 1 ≥ t 2 ≥ · · · ≥ t n−1 ≥ t n . Connected correlators are made of Feynman diagrams that cannot be disconnected by cutting once the heavy-quark and antiquark lines.
The 1/m potential is given by
where E i (t) (and later B i (t)) stands for E(t, x i ) (B(t,
The coefficients c [41] , are Wilson coefficients of NRQCD. The natural scale of α s in these coefficients is of the order of the heavy-quark mass, hence we may expect α s to be a fairly small number. The constant C f is the Casimir of the fundamental representation of SU (3):
III. THE EFFECTIVE STRING THEORY
The effective string theory hypothesis states that in pure gluodynamics and in the longdistance regime, rΛ QCD 1, the expectation value of the rectangular Wilson loop can be given in terms of a string action:
where Z is a constant. 2 The string action, S string , can be expanded in a series whose terms involve an increasing number of derivatives acting on the transverse string coordinates ξ l = ξ l (t, z) (l = 1, 2) [31] . The coordinates ξ l count like 1/Λ QCD , whereas derivatives in t and z acting on them count like 1/r. Hence, terms in S string with more derivatives are suppressed in the long range by powers of 1/(rΛ QCD ) with respect to terms with less derivatives. In first approximation, they can be neglected. Up to terms with only two derivatives, the string action reads
Since the string has fixed ends at z = −r/2 and z = r/2, the transverse coordinates ξ l satisfy the boundary conditions ξ l (t, −r/2) = ξ l (t, r/2) = 0. The constant σ, which is of order Λ 2 QCD , is the string tension. Its numerical value is known from lattice QCD determinations. From (17) , (33) and (34) it follows that [30, 31] 
where µ is an unknown regularization-dependent constant and the term −π/(12r) is a universal quantum correction known as the Lüscher term. 3 The last approximation holds in the large distance limit when the Lüscher term may be neglected.
In [34] it was proposed that the mapping (33) could be extended to relate Wilson loops with field strength tensor insertions to correlators of the string fields ξ l . This would allow to compute in the EST the long-range tail of the potentials listed in section II B: a program started with [34] and expanded in [35] . We will follow this latter reference. Requiring the same symmetry properties for the transverse string coordinates and the operators inserted in the Wilson loop, the following mapping between expectation values of operators inserted in the Wilson loop and EST correlators can be established for rΛ QCD 1:
2 For a general discussion about our current understanding of the QCD vacuum as it is obtained from lattice gauge theory and the duality to string theory we refer to [42] . The effective string theory may also provide a long distance description for other models, an example being the Abrikosov-Nielsen-Olesen vortices of the abelian Higgs model [43, 44] . 3 The Lüscher term does depend on the dimension of space-time. In d dimensions it reads −π(d−2)/(24 r). The right-hand side of (36) is made of correlators of string coordinates ξ l . The functional integral over the string coordinates is Gaussian (see the string action (34)). So we have that correlators of more than two string fields ξ l break-up into products of two-field correlators and derivatives of them, and that two-field correlators are given by [35] 
The calculation of the different possible right-hand sides of (36) through (37), which we are going to perform in the next section, leads to the EST long-range estimate of the potentials listed in section II B.
IV. THE LONG-RANGE POTENTIAL IN THE EFFECTIVE STRING THEORY
The mapping (36) 
whereδ ij = 0 for i or j = 3 andδ ij = δ ij for i, j = 1, 2. The expressions for the Wilson loop expectation values with two chromomagnetic or chromoelectric field insertions agree with those in [34] . Terms of the type E i (t 1 )E(t 2 ) · E(0) c vanish in the EST regardless of the quark line where the chromoelectric fields are located. This is due to Gaussianity and to the subtraction of the disconnected parts, see (20) . 4 Terms involving four chromoelectric fields contribute in the EST through diagrams made of two two-field correlators that are connected.
4 It is also a specific feature of E i (t 1 )E(t 2 )·E(0) c , which is the only type of three-field correlator appearing in the heavy quark-antiquark potential up to order 1/m 2 . For example, a term like
would not vanish in the EST.
Substituting (38)-(47) in the expressions of the potentials, we obtain
where ζ 3 = 1.2020569... is the Riemann zeta function of argument three 5 and µ i are renormalization constants. The expressions for the potentials (48)- (54) agree with those in [35] .
The spin-spin potentials (55) and (56) agree with those in [34] . The potentials (57) and (58) are new. We observe that correlators of two chromoelectric fields contracted with r = (0, 0, r) vanish because of r iδij = 0, and that we do not have a mapping prescription into the EST for the matrix element
να (x) involving three gluon fields located at an arbitrary point x of space-time. The expressions listed here correct some of the preliminary findings reported in [45] . 5 It comes from the integrals
As pointed out in [35] , Poincaré invariance fixes some of the renormalization constants µ i and field normalization constants, Λ, Λ , ..., because it requires some equations to be exactly fulfilled by the potentials (see [46, 47] 
This equation is fulfilled in the EST only if
Another equation relates the momentum-dependent potentials with the static potential [36] :
A similar relation holds for Λ and follows from the equation −∇ 1 V (0) = gE 1 valid for T → ∞ derived in [8] . The equation is fulfilled in the EST only if
Equations (62) and (63) are remarkable, for they completely determine the mapping of the chromoelectric field in the EST.
The right-hand sides of (48)- (58) may get extra long-range corrections, subleading in 1/(rΛ QCD ), when subleading corrections are added to the action (34) and the mapping (36) .
That this must indeed be the case follows from the fact that the equations induced by Poincaré invariance are not fulfilled by the potentials (48)- (58) when the constant and
Lüscher terms are included in the static potential.
6 In [36, 46] also the exact relation
was derived. This relation is automatically fulfilled by the potentials (35), (49) and (52) in the long range, i.e., neglecting µ and the Lüscher term in V (0) , and does not provide further constraints.
Taking the potentials (48)- (58) at leading order in the long-range limit, using the constraints (60) and (62), and dropping terms suppressed by powers of α s , like the term pro-
, we obtain
We have kept the subleading term proportional to 1/r 2 in (67), because (35) and (70) together with (59) guarantee that there cannot be any other term proportional to 1/r 2 contributing to V (2,0)
LS . Equations (64)- (74), which are the main result of the paper, provide the EST expressions for the heavy quark-antiquark potential in the long range.
V. SPECTRUM
In order to illustrate the impact on the spectrum of the new long-range potentials derived in the previous section, we consider the following model: a quark-antiquark pair both of mass m bound by the potential given in (64)-(74). In the centre-of-mass frame, the Hamiltonian of the system is H = p 2 /m + V . The potential, V , reads
where L = r × p and S is the total spin of the system. In the last line we have dropped contributions to the static and spin-orbit potentials that are subleading in the long range, and the spin-spin potentials, which fall off sharply like 1/r 5 . The constants in the static and 1/m potentials do not contribute to the energy level splittings, hence we do not display them. The model has the advantage of depending only on two parameters: the mass m and the string tension σ.
We compute the energy levels by including contributions from the potential that are first order in 1/m 2 and up to second order in 1/m. We call E
nl the eigenvalues of the zerothorder Hamiltonian p 2 /m + σr. The eigenstates of the zeroth-order Hamiltonian, |nljs , may be chosen to be simultaneously eigenstates of the angular momenta and spin. They are labeled by n, l, j and s, which are the principal, orbital angular momentum, total angular momentum and spin quantum numbers. The state |nl stands for |nljs when acting on an operator that does not depend on spin. The energy levels read
The results for the spectrum are summarized in the tables I and II, which refer to the cases 7 Kinetic energy, static potential and E
nl are related by the virial theorem:
where the last relation shows the dependence of E
nl on the parameters m and σ [49] . From this it follows that 1/ nl|r|nl ∼ (σm) 1/3 . One might therefore expect corrections of relative order σ/m 2 to be para- As we will see, however, for the range of masses considered here, the contributions to the spectrum turn out to be numerically comparable for all the 1/m 2 potentials. 
Energy levels 2 3 P J , m =10 σ FIG. 1: Energy levels for the states 1S, 1 3 P J and 2 3 P J normalized with respect to E
1S , E
1P and E The leading order (LO) levels correspond to E
nl , the next-to-leading-order (NLO) corrections to nl|V (1/m) |nl and the next-to-next-to-leading-order (NNLO) ones to the remaining two terms shown in the right-hand side of (76).
In figure 1 we show graphically the effects of the relativistic corrections to the energy levels for the 1S, 1 we summarize in one plot the effect of these corrections on the whole spectrum for the case m = 3 √ σ.
VI. CONCLUSIONS
The effective string theory provides an economical way to parameterize the long-range behaviour of the heavy quark-antiquark potential in the absence of available lattice data.
Whenever lattice data are available they compare favourably with the EST predictions. This is the case for the static potential that has been tested also at the level of quantum fluctuations of order 1/r, the 1/m potential, and the 1/m 2 spin-orbit and momentumdependent potentials. These successful comparisons support the assumption of a one-to-one mapping in the long range between Wilson loop expectation values and correlators of string coordinates, see (36) .
Existing lattice data for the spin-spin potentials are so far consistent with zero in the long range [25] . It would be interesting to produce more accurate data able to de- (r) = 4.
In this paper, we have computed in the EST the momentum and spin-independent 1/m 2 potentials. In the long distance limit their expressions are given in (73) and (74). The result shows linear rising potentials that do not depend on any parameter but the string tension σ.
This is again a sharp prediction of the EST that can be checked against data from lattice, once calculations of Wilson loop expectation values with four chromoelectric field insertions will be performed. Interestingly these potentials provide a sort of relativistic correction to the static potential whose net effect, in the equal mass case, is to reduce the string tension by an amount 9 ζ 3 σ 2 /(2π 3 m 2 ).
One may argue that the newly computed potentials are of phenomenological relevance in quarkonium physics [50, 51] since their contribution to the spectrum, at least when the short-distance part of the potentials is neglected, is comparable in size to that of the other 1/m 2 potentials. A realistic description of quarkonium requires, however, the inclusion of the short-distance parts of the potentials. These are known from perturbation theory. Spectroscopy studies that use lattice data to parameterize the long-distance parts of the potentials and perturbation theory for the short-distance parts are for instance in [22, [52] [53] [54] . However, such studies are unavoidably incomplete insofar not all potentials have been computed yet on the lattice. The core message of this work is that the EST may provide the missing information through the long-distance expression of the potential given in (75). Noteworthy, that expression does not introduce any new parameter besides the heavy-quark mass and the string tension. The potential (75) may therefore provide a consistent and simple infrared completion of the heavy quark-antiquark potential valuable for future quarkonium studies [55] .
